Mathematical models of the mamalian urine concentrating mechanism consist of a large system of coupled, nonlinear and stiff equations. An efficient numerical orthogonal collocation method was employed to solve the steady-state formulation of urine concentrating mechanism. This method was used to solve the stiff and high order equations of electrolyte transport in a central core, single nephron model of the renal outer medulla. The presented results were in good agreement with implicit finite difference method's results, but this new method was faster and more stable. Due to the greater stability and larger convergence domain of collocation method over Newton's method, a parametric study on concentrated urine was investigated. The results showed that this model was sensitive to non-ideal countercurrent exchange between medulla interstitium and vasa recta. Although distal tubule lies in the cortex interstitium, it affects on the inflow to the collecting duct. This study showed that the effect of changing membrane transport properties of distal tubule wall on properties of outflow from the outer medulla collecting duct was considerable.
Introduction
Mathematical modeling of the mamalian urine concentrating mechanism has been a matter of interest for many * Corresponding author.
years [1] - [8] . These models have usually been formulated as steady-state boundary value problems (BVP's) involving ordinary differential equations (ODE's) expressing solute and water conservation in one space dimension corresponding to the cortico-medullary axis [1] . Since the nephron has a number of distinct tubules with different membrane transport properties, the equation set of urine concentrating mechanism for several constituents is a high order system [9] . Therefore, the steady-state model consists of a high order system of coupled and nonlinear ODEs [10] . Because of high values of hydraulic and solute permeability of some of the renal tubules, these equations are stiff. Introducing hydraulic pressure, electrical potential, and considering more solutes cause additional complications [2] [11] [12] . Hence, most models of renal concentrating mechanism have been formulated for NaCl and urea and treating NaCl as a nonelectrolyte solute instead of ionic species Na + and Cl − [1] . In the most numerical methods, Newton-based methods [2] [13] [14] and quasilinearization in conjunction with a Newton-type solver [4] [15] have been used to solve the steady-state model of urine concentrating mechanism. However, these methods have difficulties with numerical instability which arises from reversal intratubular flow relative to the assumed steady-state direction [16] . This reversal of flow direction arises when transtubular water fluxes are large [5] . In addition, the convergence domain of Newton's method is narrow and this method may converge if the initial estimate is sufficiently close to the steady-state solution [13] .
Dynamic formulation is an alternative approach to obtaining a steady-state solution. This formulation forms a system of coupled, nonlinear, hyperbolic partial differential equations (PDEs) and ODEs. Explicit methods such as upwind differencing or the ENO (essentially nonoscillatory) have been used to obtain the steady-state solution [17] . Although these methods eliminate numerical instability but due to the stiffness of the problem, they require small time steps causing a high computation cost [16] . Recently, the semi-lagrangian-semi-implicit method has been developed to obtain the steady-state solution to dynamic models of urine concentrating mechanism [16] [18] [19] . According to the lagrangian nature, it removes the numerical instability and due to the implicit nature large time scales can be used. Disadvantage of this method is complication of the programing and difficulty to modify model configuration for a large number of interacting tubules [16] .
The purpose of this work is to explain an efficient and stable method, based on orthogonal collocation scheme, to solve numerically the differential-algebraic equations (DAEs) arising in steady-state models of renal concentrating mechanism. Because of simplicity, inherent efficiency for applications to boundary value problems and optimal order accuracy for the error, the orthogonal collocation method is widely used [20] . In Newton-based methods, to minimize the truncation error which is introduced by converting differential equations to algebraic ones, the discretization number must be large. Therefore, these discretized equations form a large system of nonlinear algebraic equations. But in collocation method, the discretization points are selected such that the position of that points are optimal and thus the discretization number is not large. Consequently, collocation method is much faster than Newton-based methods. In addition, the convergency domain of orthogonal collocation method is not so small.
In this study, a model of electrolyte transport in outer medulla of mamalian renal system is presented using the orthogonal collocation method and the impact of important parameters on model results has been investigated.
Methods

Model
Most mammalian kidneys have three main sections: the cortex (C), the outer medulla (OM) and the inner medulla (IM) [21] . Within the cortex, the outermost layer of the kidney, fluid is essentially isosmotic to arterial blood. Whereas within the medulla, a cortico-papillary gradient of osmolality suffices to concentrate the urine [1] . The main functional units of the kidney are the tubular structures (with a radius on the order of 10 µm) called nephrons in which the urine is concentrated [22] .
In this work, the central core (CC) formulation proposed by Stephenson for electrolyte transport in a singlenephron of the renal outer medulla has been used [2] . This model includes a short-looped nephron with a loop of Henle (descending Henle's loop (DHL) and ascending Henle's loop (AHL)), a distal tubule (DT) and a collecting duct (CD). The central core model configuration is shown in Figure 1 .
The loop of Henle and the CD may exchange with each other through the medulla interstitium (MI). In the central core model, all structures in medulla interstitium (e.g. interstitial cells, interstitial spaces and vasculature) except Henle's loop and CD are represented by a tubular compartment. The DHL, AHL, CD, and MI (superscripted by 1, 2, 4 and MI, respectively) are represented by rigid tubules that are oriented along the corticomedullary axis, which extends from x = 0 at the corticomedullary boundary to MI x L = , at the boundary of inner and outer medulla. The DT (indexed by 3) that connect AHL to CD is shown by a rigid tubule located in the cortical interstitium (CI) [17] . Since Na + , Cl − , K + and urea (subscripted by k = 1, 2, 3 and 4 respectively) are the most important solutes of renal medulla, these solutes have been considered in the presented model. The model formulations based on conservation of solute and water in renal outer medulla, predicts steady-state fluid flow rate, solute concentrations, electric potential and pressure profile as a function of the tubules and the OM lengths [2] .
Model Equations
In the steady-state, the water (approximately equal to solution flow) conservation equation for the i-th tubule of the nephron (I = 1, 2, 3, 4) is:
where i x is axial distance along the tubule, It is assumed that the solutes are not being produced or consumed by chemical or physical reactions in any tubule, hence k-th solute (k = 1, 2, 3, 4) conservation for the i-th tubule (I = 1, 2, 3, 4) in the steady-state is represented by: 
1, 2, 4
where for i-th tubule, (6) and (7) 
where i is summed over all tubules present in the medulla interstitium (I = 1, 2, 4). By integrating the combination of Equations (1) and (2) with Equations (8) and (9), two integrated mass balance for water flow rate and solute flow rate in the medulla have been obtained which mean that the sum of medullary water flow rate and solute flow rate at any depth are equal to the final collecting duct (CD) water flow rate and solute flow rate, respectively. Therefore, by using these integrated equations, water flow rate and solute flow rate at any level of medullary interstitium could be computed as:
where i is summed over all tubules exist in the medullary interstitium (i = 1, 2, 4), 
It has been assumed that in all tubules except the medullary interstitium, the diffusive term is negligible compared to the convective flow term. Therefore, the Nernst-Planck equation for tubules (i = 1, 2, 3, 4) simplifies to:
Since Na + , Cl − and K + are ions, electroneutrality must be maintained according to the following equations (i = 1, 2, 3, 4, MI):
The cortical interstitium has been assumed to be a well-mixed bath of constant volume. Hence, solute concentrations, pressure and potential have been assumed constant in all cortical interstitium. Therefore, the governing equations for the steady-state electrolyte transport model of a single nephron of the outer medulla consists of a coupled set of 35 differential equations (Equations (1)- (3)) and algebraic equations (Equations (10), (11), (15), (16)).
Since it is more convenient to work with dimensionless equations, dimensionless variables have been obtained by dividing dimensional variables by dimensional reference values. Specifically, dimensional 
Boundary Conditions
At the entrance of DHL, flow rate and solute concentrations have been given as the boundary conditions. The pressure at the entrance of DHL must be adjusted until the exit pressure for the CD has been defined. Likewise, solute concentrations, pressure and potential have been given for medullary interstitium at the cortico-medullary boundary.
Stephenson et al. [3] showed that the effect of volume and solute flow rate to the outer medulla from the inner medulla, on the profiles of the outer medulla was negligible. As a consequence, this model was assumed to be closed at 
At the junction of nephron tubules, flow, solute concentrations and pressure must be continuous.
Because diffusion term was neglected in tubules, potential may be discontinuous at the junction of nephron tubules. The boundary conditions are given in Table 1 . The cortical interstitium constants and physical constants are given in Table 2 . Dimensional parameters, along with their units are listed in Table 3 [2].
Numerical Procedures
The 
The general form of algebraic equations for the flow and solute conservation of medulla and electroneutrality of central core model
where
are the water and solute flow in tubules and pressure in tubules and MI and
are water and solute flow in MI, Cl − concentration and electric potential in tubules and MI. The collocation method is categorized in the weighted residuals methods to solve boundary value problems. Table 1 . Boundary conditions [2] . 
In which, the user provides an approximate solution and by substituting this solution into the governing equations, residuals will be calculated. Then one tries to force the residuals to be asymptotically close to zero. For the simple governing equations, user may provide an approximate solution that automatically satisfy the boundary conditions. For large and complicated governing equations, the residuals obtained by substituting the approximate solution in boundary equations should also be forced to be close to zero [25] . In this study, the Lagrangian interpolation polynomial has been used as an approximate solution to transfer the governing equations and boundary conditions to nonlinear algebraic equations at interior points and boundary points, respectively. Hence, the value of f (or g) at any point including the interpolation points, say 
where j l is the Lagrange interpolation polynomial and P is the number of interior (discretization) points. It should be noted that the type and location of boundary conditions are important for both the notation and implementation of method. For instance, if the value (and not the gradient) of differential quantity is known in upstream (at x = 0), the type of boundary condition is Dirichlet and the last point (i.e. the point number P + 1) is not included in the set of collocation points.
Although, the order of accuracy for collocation methods are known to be suboptimal, choosing appropriate interior points is critical to obtain optimal order of accuracy [20] . To solve the equations, each tubule and medulla were divided with P interior points (called collocation points) that were chosen as roots of an orthogonal Jacobi polynomial of P-th degree. The Jacobi polynomials are important in providing the optimum positions of the collocation points. For the orthogonality condition of the Jacobi polynomials the domain must be defined in the range [0,1]. Since the model equations have been converted to the dimensionless equations, all domains have been defined in the range [0,1]. By substituting these polynomials (Equations (17) and (18)) in the model equations and boundary conditions, a set of nonlinear algebraic equations have been obtained which can be solved by using any of algebraic solvers. Because the Broyden method requires only one function evaluation per iteration, it has been chosen to solve this system [25] . All calculations were performed using Fortran programs in double precision.
Results and Discussion
The electrolyte transport model in renal medulla has successfully been run by orthogonal collocation method. Since the condition number (the ratio of maximum eigenvalue to the minimum eigenvalue) of the jacobian matrix of the linearized model equations has been very large, it is obvious that electrolyte transport model in renal medulla is a stiff and high order equation set. Therefore, the finite difference method is not stable to solve this model. In contrast to finite difference method, the collocation method is faster and much more stable. In addition, the coupling of water and solute equations at junctions of tubules which is important in the urine concentrating mechanism, is more exact in orthogonal collocation method.
Convergence
The convergence of the results has been checked by increasing the discretization number and comparing some important quantities in urine concentrating mechanism. The water and solute balance in medulla, which are key scientific issues in numerical studies of urine concentrating mechanism, are always satisfied in this model. The medulla interstitium osmolality profile is shown in Figure 2 for different discretization number. Obviously, the difference between results with 10, 15 and 20 spatial grids is less than 1%, so each tubule and medulla interstitium has been divided into 10 segments.
Base-Case Profiles
The model equations (Section 2) have been solved by orthogonal collocation method, using the base-case parameters ( Table 2 and Table 3 ) and boundary conditions ( Table 1 ) to obtain steady-state solutions for electrolyte transport in the renal outer medulla. Normalized water flow along the short looped nephron is shown in Figure 3 . Due to high hydraulic permeability of DHL and osmotic water absorption, outlet water flow rate from DHL decreases to approximately 50% of its input value. As a result of impermeability of AHL to water, AHL water flow rate is constant but negative, because fluid direction is toward the cortical interstitium, opposite to x direction. Due to osmotic water absorption, water flow rate reduces in DT and further in CD to a final normalized urine flow rate of 0.08. Similar to AHL, flow in MI is also negative. Figure 4 and Figure 5 represent urea concentration and osmolality profiles along short-looped nephron. In these figures, profiles are in the same direction of flow in each tubule. Because of decreasing volume flow rate along the nephron, the urea concentration increases. Since urea is a waste product, the urea concentration in medulla interstitium is much lower than that in outflow from CD. MI osmolality at the boundary of inner and outer medulla is around twice plasma osmolality (591 mmol/kg•H 2 O)) which is agree with the experimental data [2] . These results are consistent with Stephenson's results [2] and physiological behavior of kidney. Therefore, assuming approximate solution of water and solute profiles in kidney as polynomials in orthogonal collocation method is consistent with the physiological behavior of the kidney.
Parametric Study
To perform parametric study for renal electrolyte transport model, a robust and stable solver is needed. Since the orthogonal collocation method is stable and has large convergence domain, the parametric study could be done perfectly using this method. The effect of membrane transport properties of distal tubule and non-ideality of medulla interstitium on properties of outflow from the outer medulla collecting duct (OM-CD) and medulla osmolality at the OM-IM boundary have been investigated. Since the distal tubule is in the cortex region of the kidney, it's tubular fluid exchanges water and solute with cortical interstitium. Therefore, the influence of DT in central core model is only on the composition of inflow to CD at DT-CD junction. Most of the previous models did not simulate DT tubule and considered the fluid flow rate and composition entering to CD as boundary condition. Indeed, changing the inflow rate and composition to CD, changes outflow rate and osmolality.
DT water permeability: Although, in the previous section the whole distal tubule has been considered water permeable, it has been confirmed experimentally that the early distal tubule is impermeable to water [26] . Thus, the effect of DT water permeability on CD outflow osmolality and MI osmolality at the OM-IM boundary have been studied (Figure 6) . The presented results indicate that by increasing DT water permeability upto basevalue, CD outflow osmolality and medulla osmolality at OM-IM boundary increased. Increasing water absorption from DT resulted in increasing osmolality of inflow to CD. For base-case, as shown in Figure 5 , osmolality small increases in DT water permeability from the base case value caused the osmolality in DT reached to the cortex osmolality. Experimental results also showed that the tubular fluid in DT approaches isotonicity to cortex fluid in the late portion of the distal tubule [27] . DT active pump for Na + and Cl − : Most of NaCl exchanging between DT and cortical interstitium is performed by active transport [2] . Consequently, it is expected that the effect of switching off one or both of these active pumps, on simulated results is considerable. In Figure 7 and Figure 8 , CD outflow osmolality and medulla osmolality at OM-IM boundary are shown for four different cases: 1) base-case, i.e. both active pumps are on with the parameters given in Table 3 , 2) turning off Na + active pump, 3) turning off Cl − active pump and 4) turning off both Na + and Cl − active pumps. By switching off active Na + pump, the amount of Na + in DT increased and thus lumen-positive potential increased and amount of K + decreased. Increasing DT Na + concentration, resulted in increasing slightly fluid osmolality (not more than cortex osmolality) and reducing water absorbtion, thus caused increasing flow rate and osmolality of inflow to CD. As Na + active pump was turned off, CD outflow osmolality and medulla osmolality at OM-IM boundary decreased. By switching off active Cl − transport, the amount of Cl − in DT increased and thus lumen became somewhat negative and amount of K + increased. Because of both pumps have the same strength (as given in Table 3 ), switching off Cl − or Na + has nearly the same effects on the presented results. In the other case, turning off both active pumps, caused increasing the amount of solute in DT and decreasing water absorbed from DT more than two last cases (turning off Na + or Cl − active pump). Indeed, active transport is an essential method to exchange solute between DT and cortex interstitium. Consequently, any problem in these pumps that causes to inactivate one or both of them, resulted in more water and solutes be excreted as CD outflow.
Nonideal countercurrent exchange in the medulla interstitium: In the blood supply of the kidney, there are a series of straight capillaries in the medulla named vasa recta. Each of the vasa recta lies parallel to the loop of Henle and has a hairpin turn in medulla. As noted previously, in central core model all vasculature and interstitium between tubules in medulla are represented by a tubular compartment. This representation assumes that countercurrent exchange between medulla interstitium and vasa recta is ideal. However, the transtubular permeabilities of the vasa recta to solute and water are not essentially infinite and countercurrent exchange between medulla interstitium and vasa recta is non-ideal and may hinder axial fluid and solute movement in MI. Often in central core models, nonideal vascular countercurrent exchange is represented by including axial diffusion term in solute flow equation (i.e. the diffusive term in the Nernst-Planck equation). These terms give a measure of the trapping of solute by the vascular counterflow system [2] . It is clear that in this term, diffusion coefficient of each solute is not equal to the diffusion coefficient of that solute in aqueous solution. The appropriate value of the diffusion coefficient for each solute depends on the flow rates and permeabilitis of vasa recta which are difficult to determine [3] . Diffusion coefficients used by Stephenson et al. [2] for solute diffusion in medulla interstitium are about an order of magnitude larger than corresponding values for solute diffusion in dilute aqueous solution [28] , whereas some researchers avoid this dissipative term [16] [18] . To illustrate the effects of nonideal countercurrent exchange in medulla interstitium, simulation with diffusion terms using diffusion coefficients that are factors of s = 0.1, 1, and 10 of the diffusion coefficients used by Stephenson [2] have been performed. Scaling factor 1 means that the diffusion coefficients are similar to those used by Stephenson et al. as base-case parameters ( Table 3) . Resulting values of important variables for CD outflow and medulla interstitium at the OM-IM boundary are given in Figure 9 and Table 4 . This table illustrates that the effect of the diffusion terms on results is considerable. As shown in Figure 9 , osmolality profiles of MI is very sensitive to nonideal countercurrent exchange in medulla interstitium. By increasing nonideal countercurrent exchange, many of solutes in medulla are reabsorbed to blood flow in vasa recta, therefore medulla osmolality decreases. As a consequence of osmolality reduction of medulla, CD outflow osmolality decreases and CD outflow rate increases. These results illustrate that the effect of nonideal countercurrent exchange in medulla interstitium on OM-CD outflow concentrating is considerable. This means that any pathological problem that changes wall properties of kidney vasa recta will cause considerable changes in OM-CD outflow properties.
Conclusion
An efficient numerical solution based on orthogonal collocation method was presented to numerically solve the equations of electrolyte transport in a central core model of renal outer medulla. By considering three ions and urea as solutes and electrical potential in addition to other driving forces to exchange solute between tubule and interstitium, this model contained a high order equation set. The orthogonal collocation method could successfully solve these complicated and stiff equations. Furthermore, orthogonal collocation method was faster and more stable than Newton's method. Due to the greater stability and larger convergence domain of collocation method over Newton's method, a parametric study on concentrated urine was investigated. The presented results indicated that the countercurrent exchange between medulla interstitium and vasa recta must be adjusted carefully in the central core model. Although distal tubule lies in the cortex interstitium, it affects on the inflow to the collecting duct. The presented results indicated that the effect of reduction of water permeability or any change in active pumps of DT wall on osmolality of CD outflow and also osmolality of medulla interstitium was considerable. It is believed that with help of this stable method, more complicated models such as inner medulla or 3-dimensional architecture of nephrons could be solved to obtain a better understanding of the mammalian urine concentrating mechanism. Other selected journals from SCIRP are listed as below. Submit your manuscript to us via either submit@scirp.org or Online Submission Portal.
